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Abstract
The problem of a helix-type traveling-wave amplifier tube, under certain
simplifying assumptions, is solved as a boundary-value problem. The results indi-
cate that the presence of the beam in the helix causes the normal mode to break up
into three modes with different propagation characteristics. Over a finite range of
electron velocities one of the three waves has a negative attenuation, and is thus
amplified as it travels along the helix. If the electron velocity is too high or too
low for net energy interaction, all three waves have purely imaginary propagation
constants; no amplification occurs. Consideration of the beam admittance functions
shows that during amplification the electron beam behaves like a generator, with nega-
tive conductance, supplying power to the fields through a net loss of kinetic energy
by the electrons. Curves are shown for a typical tube, and the effects of beam current
and beam radius are indicated. The initial conditions are investigated, as are the
conditions of signal level and limiting efficiency.

FIELD THEORY OF TRAVELING-WAVE TUBES
1. Introduction
The analysis of traveling-wave tubes as amplifiers has been carried out by
J. . Pierce1 '2 of Bell Telephone Laboratories and R. Kompfner3 of the Clarendon
Laboratory. In Pierce's paper , the action of the field on the electron beam and the
reaction of the beam back on the field were formulated. A cubic equation was obtained
which yielded three distinct propagation constants corresponding to the three dominant
modes of propagation. Kompfner followed a different line of attack and arrived at
essentially the same results.
The interaction between the electrons and the waves in a traveling-wave
tube can, with reasonable assumptions, be formulated completely by the field theory.
Such an approach to this problem can bring out many physical phenomena useful in the
design of such a tube that are not apparent from the circuit theory.
The present analysis follows the procedure which Hahn4 '5 and Ramo6'7 used in
dealing with the velocity-modulated tubes. The problem of the traveling-wave tube is
idealized, and such approximations are introduced that the field theory can be used
throughout to correlate the important factors in the problem. Numerical examples are
given for a specific tube to illustrate the effects of various parameters upon the
characteristics of the tube.
In this report, only the helix type of traveling-wave tube will be considered.
It consists of a cylindrical helical coil which, in the absence of an electron beam, is
capable of supporting a wave along the axis of the helix with a phase velocity substan-
tially less than the light velocity. When an electron beam is shot through the helix,
the electrons are accelerated or decelerated by the field of the wave, especially the
longitudinal electric field. As a result, the electrons will be bunched. The bunched
beam travels substantially with the initial velocity of electrons which is usually
different from the phase velocity of the wave. Because of the bunching action, there
will be, in time, more electrons decelerated than those accelerated over any cross
section of the helix or vice versa. As a result, there will be a net transfer of
energy from the electron beam to the wave or from the wave to the beam. The bunching
of the electrons produces an alternating space charge force or field which modifies
the field structure of the wave and consequently its phase velocity. The average
energy of the electron beam must change as it moves along on account of the energy
transfer. The process is continuous and a rigorous solution to the problem is probably
impossible. The procedure of analysis is therefore to find the modes of propagation
which can have exponential variation along the tube in the presence of the electron
beam. We are interested in those modes which will either disappear or degenerate into
the dominant mode when the beam is removed. By studying the properties of these modes
and combining them properly, we hope to present a picture of some of the physical
aspects of the helix-type traveling-wave tube.
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2. Formulation and Solution of the Problem
In order to obtain some theoretical understanding about the behavior of the
traveling-wave tube, we have to simplify the problem by making numerous assumptions.
Instead of a physical helix, we shall use a lossless helical sheath of radius a and an
infinitesimal thickness. The current flow along the sheath is constrained to a direc-
tion which makes a constant angle (90° - ) with the axis of the helix. The tangential
component of the electric field is zero along the direction of current flow, and finite
and continuous through the sheath along the direction perpendicular to the current flow.
The force acting on the electrons is restricted to that associated with the longitudinal
electric field only; and the electrons are assumed to have no initial transverse motion.
We shall further assume that the electrons are confined within a cylinder of radius b
concentric with the helical sheath. The time-average beam current density is assumed
constant over the cross section.
The validity of the above assumptions is subject to question for a practical
traveling tube. However, we should be able to reveal some of the physical phenomena
associated with the tube at least qualitatively. As in all other waveguide problems,
the standard procedure is to find the natural modes of oscillation or propagation along
the tube without bothering about the boundary conditions at the input and output termi-
nals of the tube. The problem is further simplified by considering small signals only.
To find the natural modes of propagation along the tube, it is convenient to
divide the space into three physical regions with well-defined boundaries. First we
have the region occupied by the electrons. As shown in Fig. 1, this region is cylindri-
cal in shape and extends from r = 0 to r = b. Then, there is the region between the
electron beam and the helical sheath (from r = b to r = a). Lastly, the space outside
the helix forms the third region. These three regions are separated by two well-defined
boundaries. In the following, we shall find the expressions of the field appropriate
for the three regions and satisfying the conditions at the boundaries, and an investi-
gation of the properties of the field will follow.
2.1 General Field and Wave Equations. If the fields are circularly symmetric about
the coordinate axis, and assumed to vary with ejQ)t -t, then the field equations can
be written in the form:
TE Wave
¥E + j Hr = 0
A (rEv) + j Hz = (1)
)Hz
r + X H r + j E Jo
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where (z, r, 0) are the cylindrical coordinates,
= a + j3 is the propagation constant along the z direction,
Ez, Er, E are the electric field components,
Hz, Hr, H are the magnetic field components,
Jz' Jr' Jo are the components of the vector current density.
The grouping of field components into TE and TM waves is for mathematical con-
venience only. All six components are required to satisfy the boundary conditions on the
helical sheath. From the field equations the following inhomogeneous wave equations for
H and E can be deduced:
z z
~Hz r)+(12 +k 2 (3
_ 1 z 2 -_ ( 22 2 tri Jr (r -) + (X2+ k2) Hz r 1 (r J )r Z (2 + ) E = -+ (4)
r Z j (Lej a r r
2 2
where k = Ce.
2.2 TE Wave within the Electron Beam. Since the electrons are assumed to have no
transverse motion the a-c current density J has only one component, namely J. Thus,
Eq. (3) for Hz reduces to the form of a homogeneous wave equation:
r + (2+ k2) H = (
The other components of the TE wave are given by:
0 ,2 + k2 r r .2 + k2 r 
The solution of Eq. (5) involves Bessel's functions. It is convenient to write the
solution in the form:
Hz = [AI O (pr) + A2KO (pr)] ej t - (6)
where
2 (,2 + k2) (7)
and Io( ) , K(x) are modified Bessel's functions of the zeroth order, related to the
more familiar Bessel' s and Hankel's functions through the equations:
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IY(x) = J,(jx)
(8)
K(x) 2 i H (jx).
Since Hiz is continuous and finite at r = 0, the constant A2 in Eq. (6) must
be identically zero. The solutions for the components of the TE wave within the electron
beam are:
HZ= A11(pr)e (Ot Z
Hz = A I(pr)eJo t - (9)
Hr 1 p I1(P )(9)
E0 = -A J Ii(Pr)eJ°t j -Z
2.3_P3zDamics of the Electron Beam. It will be seen from Eq. (4) that a knowledge of
J as a function of E is necessary in order to obtain the solution of the T wave
within the electron beam. To find such a relationship, the behavior of the electrons
under the action of electric and magnetic fields must be considered.
As was indicated earlier, the motion of the electrons is assumed to be con-
fined to the axial direction. In practice this assumption is very nearly realized by
means of the focusing action of a strong d-c magnetic field applied parallel to the
helix axis. It is also assumed that the a-c components of charge, current, electron
velocity vary exponentially with the same propagation constant as the wave traveling
in the helix, while the average electron velocity is substantially constant over a
finite section of the helix. This last assumption depends on the tacit supposition
that the phenomena can be described by a small-signal analysis.
The notation used will be the following:
p = a-c component of charge density
0o = average value of charge density
v = a-c component of electron velocity
v0O = average value of electron velocity
J = a-c component of current density
Jo = average value of current density
e
e = ratio of charge to mass of the electron.
m
Thus
J = iJ + i0 + iz(J + J),
T = Po + P
where the i's are the unit vectors in cylindrical coordinates.
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Continuity of charge demands that:
v.J + -= 0
since
J = Jr = 0
and
~Jo Po
, = t = O'
the continuity equation becomes:
'Jz -
or
Jz = p.
The force equation for non-relativistic motion is:
F = E + vB1.
Since the velocity of the electrons is a small fraction of the velocity of light, the
force due to the magnetic field can be neglected in comparison to the force due to the
electric field, so that:
dt (V + v) = e E (13
~~~ (v0 + v) - ~~~~~~~~~~~
Now
d dv Jv v o )v
d- (V + v) = + v0 -z= (j 0~~~~~~~V (14)
Then Eq. (13) can be written as:
eE(- m) z
v = -
vO ( -
To a first approximation the current density is:
J = JO+ = ( + V)(Po + P) '- V0oo + V + 'Pov 
Since
JO = Vo0o
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the a-c current density ca  bepu  nthe form:
the a-c current density can be put in the form:
-O V
JZ v2 (j - )
Substituting for v from Eq. (15), the a-c current density as a function of Ez is:
Jz Ez.
(17)
(18)
2. TM Wave within the Electron Beam. The necessary relation between Jz and Ez having
been obtained, it is now possible to solve Eq. (4). In view of Eq. (18) and the fact
that Jr = 0 Eq. (4) becomes:
r
1 Cj JEz
r r (rr ) + (2 + k
2) 1 -
1l aE
r y (r y--)
2=P2 = +L) +
_ 2E= (20)
e I
m
rb2 vo(j - -)
2
'= (2 + k2)2 -
(21)
(7)
I = - b2J = d-c beam current.
Equation (20), being of the same form as Eq. (5), has the solution:
Ez = Blo(br)ejCt .z (22)
From Eqs. (2) the other components of the TM wave within the beam can be obtained:
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(19)
Er = B1 I Il(r)r)eij ot z
p 2
(23)
H = B1 2I1 l(r)e jo t z- z
2.5 Admittance Functions. The fields within the electron beam will have to be matched
to the fields outside the beam at the boundary r = b. One method of matching the fields
is equating corresponding radial impedance or admittance functions 8 at the boundary.
Normalized radial admittances for both TE and TM waves can be defined by:
y ) (_ ) (24)
r YO Ez
where
Y =
Thus defined, the admittances are to be measured in the direction of decreasing r.
Therefore, the two admittances within the beam are:
Y() = p Io(Pr) for TE wave (26)jk I(pr)
(2) - ~ I ()r)Y(2) = k I (r) for TM wave (27)
r P P Io(9r)
2.6 TE Wave in CharEe-free Regions Outside the electron beam, J = O. Thus, Eq. (3)
for H again reduces to Eq. (5). It is clear therefore, that in the whole region
O < r a the solution for Hz and the other TE components is independent of the presence
of charge and current in the region 0 < r <b. Thus the TE wave components both inside
and outside the electron beam are given by Eqs. (9). The equating of corresponding
admittance functions (24) at r = b merely results in an identity. To obtain the TE
field components outside the helix, the general solution given by Eq. (6) must be con-
sidered. Physically, the field must vanish at r =oo. Since Io(pr) contradicts this,
the constant A1 must be identically zero. Thus the field components for the TE wave
outside the helix are:
Hz = A2KO(pr)eJi(t - 'z
Hr = - A2 p Kl(pr)e r > a (28)
E~ = iA2 I Kl(pr)eJ(°t - z2P 1
____
2.7 TM Wave in Chare-free Regions. Outside the electron beam Eq. () takes the same
form as Fq. (5):
(1 +2E 2 (2 k2) E 0 (29)
i (r ) + (2 + k)E 
and has the general solution of the same form as Eq. (6). Clearly the same arguments
apply to the AT fields outside the helix as were given above for the TE fields. There-
fore, outside the helix the TM field components are:
Ez = C1 K(pr)eJimt - z
r ra (30)Er = C1 p Kl(pr)e - r > a 
H = - C f Kl(pr) e jLt-
In the charge-free region within the helix (b < r < a) we must use both types
of the modified Bessel function for completeness:
Ez= [C3I(Pr) + C4KO(pr)] eDt -YZ
Er C3Il(pr) - CKl(pr)] ejct - rb < r <a (31)
- j= [C3 II(Pr) - C4,K1(pr)] ej t - z
Since the TM wave is mainly responsible for the interactions between the waves
and electrons, we shall discuss briefly here the nature of the field structure. If the
phase velocity of the wave is radically less than the velocity of light, from (7) p will
essentially be a real quantity. Figure 2 is a sketch of the electric field of the AT
wave associated with the I0(pr) function. The electric lines start and terminate at
r equals infinity. Clearly this type of field structure cannot exist outside the
helical sheath. In the charge-free region within the helix, all the electric lines
start and terminate on charges on the conducting helical sheath. The field intensity
increases with the radius. This type of field will exist even in the absence of any
electron beam. Consider now a continuous stream of electrons of uniform density passing
through the tube at a constant velocity approximately the same as the phase velocity of
the wave. Half of the electrons will stay with an accelerating field for a while and
the rest will be decelerated at the same time. The result is a slow change of velocity
and density as the electrons move on - a bunching process.
As soon as the electron beam is bunched, the field expressions associated with
the I functions only are no longer adequate to describe the electromagnetic phenomena
inside the tube. Figure 3 illustrates the field distribution associated with the K(pr)
function. Here the electric lines start and terminate substantially on the electron
beam. There is, of course, the electric field associated with the average or d-c
charge distribution superposed on the fluctuation or the a-c charge distribution.
_9-
- -
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Figure 2. Instantaneous configuration of the electric field asso-
ciated with the I(pr) function (longitudinal section).
Z-
Figure 3. Instantaneous configuration of the electric field asso-
ciated with the Ko(pr) function (longitudinal section).
-10-
__
d4 -
&_ .4- -L.-
--------
Clearly a field of this type is closely related to the space charges and its presence
is responsible for the debunching force which will tend to smooth out the fluctuations
of the charge distribution.
2.8 Boundary Conditions on the Helix. At the helix wall (r = a) the boundary condition
is that the current flow be restricted to a direction making a constant angle (90° - 8)
with the axis of the helix, being the pitch angle of the helix. Also, the electric
field directed along the windings shall vanish at r = a, the electric field normal to
that direction shall be continuous at r = a, and the magnetic field parallel to the
windings shall be continuous at r = a. Employing these conditions, one readily finds
that:
A = -P-- tan 0 L3 0(pa(32)
'P IK0 (pa) (33p
A2 =----- tan C1 (33)jay Kl(pa)
C3Io(pa) + C4Ko(pa)
C1 K0 pa) (34)
3 = K(pa)
Equations (32) - (35) provide part of the information necessary to determine the fields
in the electron beam and helix uniquely except for a constant multiplicative factor
throughout.
2.9 Admittance of TM Wave in Charge-free Region. The final step in solving the boundary
value problem is the matching of the fields outside and inside the electron beam at the
boundary of that beam. As was indicated above, the matching procedure could be
accomplished by means of admittance functions defined in Eqs. (24) and (25). It should
be recalled that the TE fields are already matched since those fields both inside and
outside the beam are given by Eqs. (9). There remains then only the matching of the
TM waves at r = b.
By using (35), the normalized admittance (25) for the TM wave is as follows:
(2) . ka
r pa
_
I ( )( ) cot2 Il(pa)Kl(pa) - IO(pa)K (pa)
11(pr) - K1(pr) ( pa
K2(pa)
2 -
k. !> . . .
Io(Pr) + K0(pr) (( cotL I(a)Kl(pa) - IO(pa) (pa) )
K(pa)
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2.10 Matchi-ng_ At the boundary of the electron beam (r = b) the admittance given in
Eq. (36) must be equal to that given in Eq. (27). Therefore:
Ika I1(Ib) ka
J pa p Io(b) - Jpa
(A 2 cot2 Il(pa)Kl(pa) - I(pa)K (pa)
Ii(pb) - Kl(pb) pa 2
K0(pa)
ka2 2
Io(Pb) + Ko(Pb) d 2
K2(pa)((a act2O i(a)(a) O(a KP ) )
Equation (37) represents the formal solution of the problem, since, for prescribed con-
ditions of initial current, initial electron velocity, frequency, and physical dimensions,
it can be solved, in principle at least, for p and thus the propagation constant b.
Once or p is found, the whole behavior of the fields both inside and outside the helix
is known because Eqs. (32) - (35) allow the determination of all the field components
(9), (28), (30), (31) in terms of a single constant factor that depends upon the power
being transmitted along the helix.
2.11 Charge-free Helix Waveguide. Before considering the general form of Eq. (37) and
the associated admittances (27) and (36), it is of interest to investigate the special
case in which the charge and current densities are zero everywhere within the helix.
It is clear from Eq. (21) that in such circumstances i = p so that Eq. (37) is valid
only if:
I1(pa)Kl(pa) ka 2
(-) cot 0 = (38)
IO(pa)K0(pa) pa
Equation (38) can also be obtained by placing C4 = 0 in Eq. (31) since Ez is finite at
r = O. Then Eq. (35) gives the desired relation immediately. From Eq. (38) a relation-
ship can be obtained between the phase velocity v (= -) of the wave in the helix and
the parameter ka (= 2X ) where p0 is the phase constant associated with the charge-free
helix and is the free-space wavelength. Curves indicating this relationship for
various angles of pitch are shown in Fig. 4. For large values of ka, Eq. (38) approaches
the asymptotic form:
2
ka(Pa) tan~ 0 = 1
which gives:
v
= sin 3.
c
This is the value to be expected from elementary considerations of Fig. 1, neglecting
the proximity effects due to a small ratio of diameter to wavelength.
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2.12 Discussion of the Admittance Functions. The form of Eq. (37) makes it practically
impossible to determine the behavior of the system under various operating conditions.
In order to facilitate calculation of results, it would be desirable to replace the
admittance functions (27) and (36) by reasonably simple algebraic forms which approxi-
mate as closely as possible the actual admittances as functions of p or q. With this
purpose in mind the behavior of the radial admittance (36) (evaluated at r = b) as a
function of p must be examined. For real values of p, (no energy interaction between
the electrons and the field), y given by Eq. (36) has the form shown in Fig. 5.
Since there is no radial flow of energy, the admittance is purely imaginary for all
real values of p. The exact shape of the curve is governed by the choice of b/a, ka,
and e; but the general features are the same irrespective of the values of these para-
meters. Along the real axis of p the function has a zero at p = p', and an infinite
value at p = 0, and p = p". There is every reason to believe that these three points
are the only poles and zeros of the function in the complex p-plane.
From a physical viewpoint the nature of the radial admittance makes it
necessary that its poles and zeros occur when p is real since an imaginary or complex
value of p means that there is radial flow of energy either from or into the electron
beam, since the helix itself is assumed to be non-radiative and non-dissipative. In
either case the radial admittance must have a finite real part to account for such an
energy flow. Clearly then the admittance cannot vanish anywhere in the complex p-plane
except on the real axis.
An infinite value of the admittance means that E vanishes within the electron
beam. Since the bunching and production of a-c current density is conditional upon the
presence of Ez in the beam, it is obvious that no energy interchange can take place if
the admittance is infinite. But a complex value of p implies an energy exchange between
the field and the electrons. Therefore, the admittance can become infinite only for
real values of p. It is evident then that the admittance has two infinities and one
zero all lying on the real axis of p.
Before investigating the admittance function further, it is of some interest
to note the physical meaning of the poles and zero of the function. The infinite value
at p = 0 is the degenerate case in which 2 = _- or = k, and is of little interest.
The infinite value at p = p" means that E vanishes within the region O r b. There-
fore, the electron beam appears as a perfect conductor, and the system behaves as a
coaxial transmission line with a helical outer conductor. The zero point at p = p'
indicates that H vanishes everywhere within the beam. In other terms, the total current
density (the sum of the electron current and the displacement current) is zero in the
beam.
Returning to the discussion of the admittance function and the search for a
simple algebraic form approximating it, we note that Eq. (36) can be, in view of the
Weierstrass' factor theorem, approximated by an expression of the following type:
(2)_P -p(9)Yr2= j ka _( -P- (9r P -Pt?
o' O
OU II
+
0O
O
-4
k c0
(d 4
.
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where
(2)
j ka C = - (p,, - p') d
p = p'
The singularity of Eq. (36) at p = 0 is overlooked, because we are interested
in the function only in the neighborhood of p' and p", and, as can be seen from Fig. 5,
Eq. (39) approximates the exact admittance very closely in this region. Furthermore,
since the phase velocities of the waves are very much less than that of light it is
evident from Eq. (7) that jp Y. Upon making this substitution, Eq. (39) becomes:
y(2) = j ka C ( ") 40)
where j, jS" correspond to p' and pn.
The admittance (27) derived from the fields within the electron beam will be
approximated by:
'(2) = ka b1)
Yr a 2 2' (4
p
This approximation means physically that E is assumed to be constant over the cross
section of the electron beam, while H0 increases linearly with r in the same region.
2.13 Approximate Matching Equation. After substituting Eqs. (40) and (41) into
Eq. (37) the matching equation becomes:
Y (a) = C ) (42)
2p
or, substituting for q2 from Eq. (21):
(b) 1 + 2C( In- . (43)a 7rb b2ev(j a) )2 jpg
Equation (43) is a cubic equation in ; and thus for a fixed set of parameters yields
three values of the propagation constant. These three values of A, since they determine
different field configurations as well as different propagation characteristics, can be
thought of as indicating three different modes co-existing in the guide. The three modes
represent an approximation to the infinite series of modes necessary to describe exactly
the fields in the helix.
2.14 Characteristics of the Three Modes. After various simplifications, we finally
arrived at Eq. (43) which is a cubic equation for the longitudinal propagation constant
involving many parameters. Physically, the normal mode of propagation in a helical
waveguide splits into three independent modes in the presence of the electron beam,as
characterized by the three independent roots of the cubic equation. Within the limita-
tions of the approximations, these three modes can exist simultaneously within the
C_ ___
waveguide depending upon the initial conditions at the input terminal (to be discussed
later). We shall now study the behavior of the three modes of propagation for a specific
waveguide at a specific wavelength.
Helix diameter = 1.0 cm.
Angle of pitch = 50
Wavelength (free space) = 16 cms.
Electron beam diameter = 0.2 cms.
-3
Beam current I = 10l amp.
With the conventional notation X = + j, the real and imaginary parts of the three
propagation constants are plotted in Fig. 6 as solid lines. In addition, the "phase
constant" (e) of the d-c electron beam, defined as o/v0, is also plotted. The phase
constants BO, IB and " are indicated on the curve as horizontal lines. The independent
variable in Fig. 6 is the ratio of the d-c electron velocity to the velocity of light.
The cubic equation has alternately real and imaginary coefficients. We expect
to have three independent imaginary roots, or a pair of complex roots and one independent
one. When the d-c electron velocity is too high or too low, we have three independent
waves neither amplified nor attenuated. Over a finite range of the electron velocity,
two of the waves have the same phase constant and the same absolute value of the attenua-
tion. The third wave has an imaginary propagation constant.
Over the ranges at which the electron velocity is either too high or too low
for a net transfer of energy to or from the electron beam, the three waves seem to
follow a pattern. Over each range, one of the waves has a phase constant approximately
equal to the phase constant 30 of the electron-free helical guide. The other two waves
seem to travel at a velocity close to that of the electron beam. Over the range of
amplification or attenuation, the distinction between these types of waves becomes less
marked. This is reasonable since the electron velocity is fairly close to the phase
velocity of the unperturbed wave.
.15 Admittance Function. The normalized admittance y(2) as defined in Eq. (25) is one
looking into the electron beam at the boundary of the beam. A positive conductance indi-
cates a transfer of power from the field to the beam and vice versa. The admittance
functions for the three waves are plotted in Fig. 7 for the above case. The first wave,
which has = 0 for all velocities, possesses a susceptance varying slowly with the
electron velocity. The susceptance is zero at a certain low velocity point at which
the phase constant corresponds to '. At this point the total a-c current (sum of the
displacement current and the a-c electronic current) produced by that wave is zero
within the beam. The conductance curve for the other two waves increases in amplitude
with the decrease of the electron velocity. It finally drops down to zero at a point
where the electron velocity is too low for amplification. The magnetic field at the
surface of the electron beam is due to the displacement current as well as the electron
current within the beam. Since p is essentially a real quantity, the displacement
current is 900 out of phase with the electric field. The conductance is contributed
solely by the a-c electron current. From Fig. 7, we can draw the following conclusion.
-17-
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Figure 6. Attenuation and phase constants for the three component waves as
functions of the average electron velocity (v). I = lO-3 amp.
-18-
La
co
o
0 Al
o 0
a >
+ O
0h O
O Q
II Q$>
*,
C;O
be0
"0
Cd 
, C)
no
mT
-19-
Over the amplifying range, the amplified or attenuated wave has a relatively strong a-c
electron current for a low d-c electron velocity v0 and a weak a-c electron current for
a high vO . The phenomenon of the high a-c electron current is closely connected with
the infinity 8" of the admittance function as plotted in Fig. 5. The " line in Fig. 6
intercepts the curve for the phase constant 2 or 33 where we have high current density.
2.16 Effect of the Beam Current. Figure 8 indicates the behavior to be expected for
various values of beam current I. As the beam current is increased the velocity range
over which amplification can occur increases, as well as the maximum amplification
attainable. It should be noted that both and 3 curves for the amplified wave shift
toward the right as the beam current increases. High beam current calls for a higher
electron velocity to take advantage of the higher amplification. However, with currents
ranging up to 10 ma the shift of optimum electron velocity is not appreciable.
If we plot the maximum value of against the d-c beam current, we obtain an
empirical formula:
aC = constant x I.
max
The maximum amplification is proportional to the fourth root of the d-c beam current.
This conclusion was reached also from a different approach to the problem of the
traveling-wave tube.
2.17 Effect of Beam Radius on Amplification. Equation (43) has been investigated for
various values of b/a in order to obtain information about the effect of the beam radius
on the amplification for a fixed beam current. The calculations indicate that the maxi-
mum value of increases approximately as the cube root of the ratio b/a. This is to be
expected since the strength of all the field components is weakest on the axis and in-
creases as we approach the boundary of the helix. For a given total beam current more
electrons travel in regions of higher electric fields as the beam radius is increased.
Therefore, we expect greater interaction and energy exchange, and therefore more amplifi-
cation, than when the beam is constrained to a small region near the axis.
The cube-root dependence of on beam radius should not be taken as exact since
it was derived from Eq. (43) which has inherent in it the assumption that Ez is constant
throughout the beam while H increases linearly with r. However, it does give a quali-
tative indication of the behavior to be expected.
2.18 Initial Conditions. We have so far discussed in general terms the existence of
three waves along electron-filled tubes. Their amplitudes depend not only upon the
relative amplification but also upon the initial conditions at the input end. Physically
there will be other modes of propagation, which must exist at least at the beginning of
the tube. Consideration of these other modes would make the problem of initial condi-
tions complicated. We shall neglect all the higher modes in the present treatment.
We shall deal with the type of initial conditions associated with an unmodu-
lated electron beam and an r-f signal at the input z = O. The electron beam can be
idealized as a uniform stream of electrons flowing into the tube at z = 0 with uniform
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tFigure 8. Attenuation and phase constants of the three component
waves as functions of the average electron velocity (vo)
for beam currents I = , I -2, I = -1 amp.for beam currents I = 10, I = 10 , I = 10 amp.
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density and velocity. It takes time for the electrons to change their velocity and it
takes more time for the electron beam to change its density. Consequently, the r-f wave
will travel for a short while undisturbed by the electron beam. The phase velocity and
the field structure will essentially be the same as those of the charge-free wave along
the tube. The proper procedure of solving this problem would be to match the field
components of the three perturbed waves to those of the unperturbed wave for a short
length of the tube. This turns out to be an extremely difficult procedure. The next
best thing to do is to use the initial condition of zero a-c current and charge density
(or a-c electron velocity).
Then from equations (15) and (18) it is evident that:
1 j 2 3 v 3+ + = o (44)j~___v VO
Ez E 2 E
l ~__ 2 '+ - - 0 (45)( 2 (j oa2 0. . 2 +v o - 2) 3
where Ezl, Ez2, Ez3 are the initial values of the longitudinal electric field within
the electron beam associated with the propagation constants 1' 2 3 respectively.
These two equations can be solved to obtain two of the three components in terms of the
third for a fixed value of v
.
It would be tempting to write down a third equation relating the sum of the
component fields to the input wave so that the absolute value of the components could
be determined. Such a relation is not forthcoming however, since the field configura-
tions associated with the three propagation constants differ. Calculations could be
made of the power propagated with each component wave, the sum of the powers being
equated to the input power. However, for our purposes the relative magnitudes of the
three component axial electric fields are sufficient. For convenience we write the
following normalized equation:
Ezl + Ez2 Ez3 =1 (46)
and solve for Ez1 , Ez2 , Ez3 at the input.
E 
zl =
Ez2 =
Ez3 =
z3
( 1 - i)) (2 - 3)Vo 3
D
4 - )2(e/ &',)
D
(_3 - j ) )2( 1 - y
D
(47)
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where
(1 i v6l ( 2 3) + ( 2 i v) "3 v 2)-
O 2 co2
Within the range of amplification, the voltage gain along a tube of length f is evidently
Voltage Gain = Ez2 I e 2 (48)
since the longitudinal electric field at the input is taken as a unity.
The normalized amplitudes and phases of the Ezl' Ez2 and Ez3 at the input
are shown in Figs. 9 and 10. Over the amplifying range,Ez2 and Ez3 are conjugate
quantities. At the high velocity end, the amplitudes of Ez2 and Ez3 exceed unity. It
should be remembered that here the amplification constant is rather small. At the low
velocity end, the amplitude of Ez2 is rather small. However, this is compensated by
the high a-c current over this portion of the curve.
Beyond the amplification range, the three waves have phases of 0 or 1800.
We see that for very low or very high electron velocities, where the interaction
between the beam and the fields is essentially zero (no amplification), the waves with
phase constants associated with that of the electron beam are but weakly excited. On
the other hand, the wave whose phase constant lies close to that of the unperturbed
electron-free wave has a normalized amplitude approaching unity. Thus, when the electrons
are traveling too slowly to interact, E1 with a phase constant very near B0 is the pre-
dominant wave; when they move much too fast for energy exchange, E3 is the dominant wave.
This is to be expected from physical reasoning since at high or low electron velocities
the beam should have but little perturbing effect on the propagation along the helix.
In any event, if conditions are right for amplification, it is fair to conclude
that an appreciable fraction of the input field is converted into the amplified mode
associated with ~2.
2.19 Signal Level and LimitinE Efficiency. So long as we limit our discussion to a
low level of r-f power all through the tube, the assumption of a constant electron
velocity v0 is valid, since the energy transferred from the electron beam to the r-f
field will be a negligible fraction of the total kinetic energy of the electrons. We
observe from the above theory that within the amplification range, the electron beam
moves at a higher velocity than the interacting wave. Each individual electron must
consequently undergo many periods of acceleration and deceleration along the tube. It
must also lose more energy during the deceleration than the energy gained during the
acceleration. On the time average all the electrons must lose energy gradually and
probably at the same average rate. If the last statement is correct, we can apply the
above theory, with modification, to a tube with a high signal level. We can consider the
theory valid for a very short section of the tube. As the wave and electrons move along
the tube the d-c electron velocity is reduced because of the net decrease in kinetic
energy of the electrons. The phase velocity of the wave is slowed down accordingly with
I___ _ _
IE
Figure 9. Initial relative magnitudes of the three component axial electric fields
as functions of the average electron velocity (vo). I = 10-3 amp.
w
Lb
a
Figure 10. Initial relative phases of the three component axial electric fields
as functions of the average electron velocity (vo). I = 10-3 amp.
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a corresponding change of the field structure. We can imagine that the point of opera-
tion in Fig. 6 shifts gradually to the left. The amplification constant is continuously
changing. The decrease of the average electron velocity will be slow at the beginning.
Because of the exponential increase of the r-f power level, the average electron velo-
city must decrease rapidly at the end. If this picture is correct, there are two con-
clusions which we can draw.
On the assumption that a sufficiently long lossless helix is used, the maxi-
mum energy exchange would take place if the electrons enter the helical guide with a
velocity va corresponding to the upper end of the amplification range, and leave with a
velocity vb corresponding to the lower end of the range. Therefore, the maximum limit
of the efficiency of energy conversion E can be given by:
2 2
va - vb
2 (49)
v
a
For the typical tube discussed here, the upper limit of maximum efficiency possible is
of the order of 10 to 25 per cent depending upon the beam current and beam radius.
Practically, the efficiency of a practical device would be limited to a value much less
than that by the relatively short length of helix employed, terminating conditions, and
other factors.
The second conclusion is that the ratio of the a-c electron current to the
longitudinal electric field increases as the d-c velocity of the electrons slows down.
This is obvious from the conductance curve in Fig. 7. At the output of a helix-type
traveling-wave tube, we shall find that the beam is highly bunched, more so than what is
expected from an exponential increase of the a-c current. It is interesting to note that
it might be possible to extract the r-f power from the beam at the output by some klystron
type cavity.
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